ON THE WAVE EQUATION WITH A LARGE ROUGH 

POTENTIAL 
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Abstract. We prove an optimal dispersive L°° decay estimate for a three di- 
mensional wave equation perturbed with a large non smooth potential belong- 
ing to a particular Kato class. The proof is based on a spectral representation 
of the solution and suitable resolvent estimates for the perturbed operator. 



1. Introduction 



A basic property of the n-dimensional wave equation, n > 2, 
(1.1) □l+n« = 0, u(0,s) = 0, u t (0,x) = f{x) 

is expressed by the dispersive estimate 




(1.2) |Kt J -)|U-<Ct- a ^||/||.n- 1 

R 2 



where (f>j(r) = (f>j(\x\) is a Paley-Littlewood partition of unity, i.e., <f>j(r) = </>o(2 — J r), 
<f>o(r) = ip(r) — %/}(r/2), with ip(r) being a nonnegative function in Cq° such that 
ip(r) = 1 for r < 1 and ip(r) = for r > 2. 

From i|1.2|) and the energy identity, via interpolation and the T*T method, the 
full set of decay estimates for the wave equation can be obtained (see ^2] and CH|)- 
The importance of decay estimates for the applications to nonlinear problems is 
well known. 

The possible extension of i|1.2fl to wave equations perturbed with a potential 



has received a great deal of attention (see, among the others, 0, [IS], [Z]> E3, GH]> 
|21j . . pTT] and, for the Schrodinger equation, ^Jj, (2Sj)- Indeed, potential 
perturbations of the wave equation are frequently encountered when studying the 
stability of stationary solutions for several important systems of partial differential 
equations (wave-Schrodinger, Maxwell-Schrodinger, Maxwell-Dirac and many oth- 
ers). The potentials that arise are usually non-smooth, and this is one of the main 
motivations for considering rough functions V(x) in H1.4J1 . 

The proof of (|1.2|l is based either on the explicit expression of the fundamen- 
tal solution, or on the method of stationary phase (see e.g. |23)- Only partial 
substitutes of these methods are available for the perturbed operator. Beals and 
Strauss [S]) obtained LP — LP decay estimates of Strichartz type, later improved 
by Beals [5] who could prove an almost optimal dispersive estimate similar to l|1.2|l , 
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(1.4) 



□ i + „it + V{x)u = 0, 



u{0,x) = 0, 



u t (0,x) = f(x), 
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for smooth positive potentials decaying fast enough at infinity (and n > 3). Their 
method is based on a repeated use of DuhamePs formula and an explicit repre- 
sentation of the kernels of the operators that arise. The same methods cover the 
case of small, smooth, rapidly decaying potentials with undefinitc sign. For general 
dimension n, the best results are due to Yajima, who, in a series of papers (see e.g. 
|30j . |31|). proved the L p boundedness of the wave operator intertwining the free 
with the perturbed operator; as a consequence he obtains dispersive estimates for 
a variety of equations, including the wave equation. We should also mention that 
the Strichartz estimates can be proved independently of the dispersive estimates, 
under quite general assumptions on the perturbed operator; for a nice proof see [5]; 
see also [7] and [§]. 

In the special case of dimension n — 3, Georgiev and Visciglia were able 
to prove the dispersive estimate for potentials of Holder class V(x) € C Q (IR 3 \ 0), 
a e]0, 1[, satisfying for some e > 

(1.5) < V{x) < , - , .„ . 

In particular this implies V € L 3 / 2 ~ s n L 3 / 2+s for <5 small (0 < 6 < 3s/ 4). This 
decay assumption on the potential V(x) is close to critical, at least in view of the 
dispersive estimate. Indeed, in |H] the inverse square potential V — a\x\~ 2 
was considered; this kind of potential has a critical behaviour, and the dispersive 
estimate (11.211 was showed to be false for small negative a (but still true for a > 0). 
Notice that the inverse square potential belongs to the weak Lw 2 ~ £3/2, oo Lorentz 
space. 

Thus it is natural to ask what are the weakest assumptions on the potential that 
imply the dispersive estimate. Here we prove that it is sufficient to assume that V 
belongs to a suitable Kato class of potentials, and no smoothness at all is required. 
We recall the relevant definitions: 

Definition 1.1. The measurable function V(x) on W 1 , n > 3, is said to belong to 
the Kato class if 

(1.6) lim sup [ , \ V ( y )\ ^ dy = 0. 
rl° X £R'J\ x -y\ <r \x-y\ n 

Moreover, the Kato norm of V{x) is defined as 

(1-7) W\\k= sup / lV{y li 2 dy. 

For n = 2 the kernel \x — y\ 2 ~ n is replaced by log(|x — yl" 1 )- 

The two notions are of course related (e.g., a compactly supported function of 
Kato class has a finite Kato norm, see Lemma f4. 31 in Section 4). 

Remark 1.1. The relevance of the Kato class in the study of Schrodinger operators 
is well known; full light on its importance was shed in Simon j2H] and Aizenmann 
and Simon 2 j. The stronger norm 1)1. 7JI was used by Rodnianski and Schlag [211 
who proved the dispersive estimate for the three dimensional Schrodinger equation 
with a potential having both the Kato and the Rollnik norms small. 

As it is well known, the presence of eigenvalues or resonances can influence the 
decay properties of the solutions. The standard way out of this difficulty is to 
assume that no resonances are present on the positive real axis, and in many cases 
this reduces to assuming that is not a resonance. In our first result this assumption 
takes the following form. We denote as usual by Ro{z) = (—z — A) -1 the resolvent 
operator of —A, and by Ro(X ± iO) the limits \im £ io R(X ± ie) at a point A > 0. 
Then we assume that 
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The integral equation f + Ro(X + iO)V f = has no nontrivial 
bounded solution for any A > 0, 

or, equivalently, 

1 f p i ^\ x -v\ 

(1.8) f+~r -. r V(y)f(y)dy = 0, / e A>0 / = 0. 

In several cases this assumption can be drastically weakened, as discussed below. 
We can now state our first result: 

Theorem 1.1. Let V = V\ + V2 be a real valued potential of Kato class. Assume 
that: 

i) V\ is compactly supported and has a bounded Kato norm; 

ii) V2 has a small Kato norm and precisely 

(1.9) ll^lk- (i + ^ll^lk) <47r ; 

Hi) the negative part V- = max{— V,0} satisfies 

(1.10) ||V_|k<27r; 

iv) the non resonant condition (II. 8|) holds for all A > 0. 
Then any solution u(t, x) to problem (|1.4f> satisfies the dispersive estimate 

(1.11) IKMIU-^c-i-l/lkj^s). 

We give some comments on the above assumptions. 

Remark 1.2. Condition (|1.9(l can be intepreted as a smallness at infinity of V, and 
is satisfied by quite a large class of potentials. For instance, assume that V belongs 
to the Lorentz space L 3 / 2,1 (R 3 ). By the extended Young inequality we have 

||/lk < c o||/||l3/2,i 

for some universal constant Co- Thus we see that V has a bounded Kato norm, and 
a similar argument shows that V also belongs to the Kato class. Moreover, if x( x ) 
is the characteristic function of the ball {\x\ < 1}, we can decompose V as follows: 
for any R > 0, 

V = V X +V 2 , V x = X {xlR)V, V 2 = (1 - x{x/R))V. 

Notice that 

11^2 Ik ^ Co 11^2 1| £3/2,1 _^ as R^+oo; 

on the other hand, 

||Vi|k < co||Vi|| i8 / ail < c \\V\\ L3/ 2,i 
independently of R, and hence 

ll^lk- (i + ^H y ilk) ^° as 

In other words, assumptions (i) and (ii) are automatically satisfied by any potential 
in L 3 / 2 ' 1 . We can sum up this argument in the following Corollary: 

Corollary 1.2. Assume the real valued potential V belongs to L 3 / 2,1 with \\V—\\k < 
27r and satisfies the non resonant condition 1)1.80 . Then the same conclusion of 
Theorem \l.l\ holds. 
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In particular, this applies to potentials belonging to L?l 2 |5 (R 3 ) HL 3 / 2+s (M. 3 ) for 
some 5 > 0, in view of the embedding 

L 3/2-5 (r3) n L 3/2+ 5(m3) g L 3/2,1 (r3) _ 

This covers the potentials satisfying 1)1. 5[l . as remarked above. 

It is interesting to compare this to the results of Burq et al. , [Hj concerning 
the inverse square potential; in the scale of Lorentz spaces we can say that the 
dispersive estimate holds when V € L 3 / 2,1 but not when V € L 3 / 2, 00 . It is not 
clear what can be said for potentials of Lorentz class L 3 / 2 ' 9 with 1 < q < oo, and 
in particular for L 3 / 2 = £ 3 / 2 - 3 / 2 . 

Remark 1.3. It is a problem of independent interest to find conditions on the po- 
tential which ensure that no resonances in the sense of 1)1.8)1 occur on the positive 
real axis. A well known result in this direction was proved in j2] (see in particular 
Appendices 2 and 3). We briefly recall two special cases which can be applied here 
(V is always real valued) : 

Proposition 1.3. (Alsholm- Schmidt) Let n = 3. Assume that V £ L 2 oc and that, 
for some C,R,e > 0, one has \V(x)\ < C|x| _2_e for \x\ > R. Then property (11.8)) 
holds for all A > 0. 

Proposition 1.4. (Alsholm- Schmidt) Let n — 3. Assume that, for some C,R,e> 
0, one has \V(x)\ < C|a;| -1-e for \x\ > R. Moreover, assume that eitherV G L 1 C\L 2 
or {x) l / 2+t V E L 2 . Then property ()1.8)1 holds for all A > 0. 

Notice that the results of [3] do not apply to the potentials like (11.5)) since the 
singularity |x| _2+e is not Lf oc ; however, in order to apply e.g. Proposition ll.3l it is 
sufficient to assume that 

^ ^ * \xw4w^ - 

When V satisfies 1 )1.121 . (iii) of Theorem ll.il and A = is not a resonance (in the 
sense of 1)1.8)1 h then the dispersive estimate is true. 

We further stress that the above propositions do not rule out the possibility of a 
resonance at A = 0. This case can be excluded (at least in the sense of 1)1.8)1 ^ if one 
requires a stronger decay at infinity of the potential; as an example, we can prove 
the following 

Theorem 1.5. Let V\ be a nonnegative L 2 function such that V\{x) < C| ^ 3— 5 
(S > 0) for large x. Then there exists a constant e(V\) > such that: for all real 
valued functions V% of Kato class with 

(1.13) HValk < e(Vi) 

and for V = V\ + Vi, the solution u(t,x) of problem ()1.4)) satisfies the dispersive 
estimate 1)1.11)1 . 

In essence, this result states that the dispersive estimate holds (without addi- 
tional assumptions on the resonances) for all nonnegative potentials decaying faster 
than \x\~ 3 and for all "small enough" perturbations thereof; however, it does not 
give a measure of the smallness of admissible perturbations. For this, we must use 
Theorem 11.11 which requires the additional assumption p. 8)1 . 

Remark 1.4. In Section El we prove the equivalence of the standard homogeneous 
Besov norms with the perturbed ones, i.e., generated by the operator —A + V: 

Bl q (W n ) = B s lq (V), 0<s<2, l<q<oo, ti>3 
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for all potentials V = V+ — V- with V± > and 

(i.i4) l|v+|k<cx>, ||y_|k<7r"/ 2 /r(|-i) 

(see Theorem 15 .60 . For this result, a suitable extension of some lemmas in |15|-|lfi| 
was needed, which in turn required an improvement in Simon's estimates for the 
Schrodinger semigroup |2(:i| . Indeed, in Proposition l5.1l we prove that the semigroup 
e t(A-v) an integral kernel k(t, x, y) such that (n > 3) 

(1-15) \Kt,x, V )\ < {2 *ST, e- lx - v]2/St 

1 - 2\\V-\\ K /Cn 

and satisfies the estimate 

„ t „.. (2TTty i n (\ 1 

Thus, as a byproduct of our proof we obtain the following parabolic dispersive 
estimate (see Proposition l5.1|) : 

Theorem 1.6. Let n > 3, assume the potential V(x) is of Kato class, has a finite 
Kato norm and its negative part V— satisfies 

(1.17) \\V-\\ K <2W 2 /r(|-i) 

Then the solution u(t, x) to the perturbed heat equation 

(1.18) ut - Au + V(x)u = 0, u(0,x)=f(x) 
satisfies the dispersive estimate 

(1.19) IKt,-)IU«<Ct*(W)||/|| £ , > - + - = 1, ge[2,oo]. 

p q 

Remark 1.5. As noticed in |l()j . in dimension n = 3 the spectral representation 
of the solution and an integration by parts are sufficient to prove the dispersive 
estimate, provided suitable L 1 — L°° estimates for the spectral measure are available. 
Here we follow a similar line of proof; however, we prefer to apply the spectral 
theorem outside the real axis and to prove estimates which are uniform in the 
imaginary part of the parameter. This approach does not require to extend the 
limiting absorption principle to the perturbed operator, as it would be necessary 
when working on the real axis. See also the previous work [2]] where the case of 
potentials with a small Kato norm was considered. 

The paper is organized as follows. In Section [3 we recall some basic properties 
of the free resolvent. Section [3] is devoted to a study of the operator — A + V. 
In Section 0] we prove the crucial estimates for the spectral measure. Section [5] 
contains a detailed study of the Schrodinger semigroup, which is then applied to 
estimate functions of the operator /(— A + V), and to prove the equivalence of free 
and perturbed Besov spaces. Finally, in Section El the estimates of Section 0] are 
applied to the spectral representation of the solution, thus obtaining a dispersive 
estimate in terms of a perturbed Besov norm; in combination with the equivalence 
result of Section |5] this concludes the proof of the Theorems. 
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2. Properties of the free resolvent 

We start by recalling the well known representation of the free resolvent Rq(z) = 
(-A - z)- 1 in M 3 (see e.g. [231): 

^i 3 ^\S(y)dy forlm£>0 

(2.1) R (e)g(x) = (-A-er i 9 = < 

— / r g(y)dy for Im£ < 0. 

4tt y R3 \x-y\ 

By elementary computations we obtain that for any A € R and e > 

(2.2) R (X ± fe)ff(s) = - / — e -e|— yl/a^XT ( )d 

where 

(2.3, A , = i±i^! >0 . 

These formulas define bounded operators on L 2 , provided e > or A < 0. When 
approaching the positive real axis, i.e., as e J. 0, this property fails; however if we 
consider the limit operators for A > 

1 [ e ±i ^\ x ~v\ 

(2.4) R (X ± i0)g(x) = — / r g(y)dy 

in J \x-y\ 

then the limiting absorption principle ensures that i?o(A±iO) are bounded from the 
weighted space L 2 ((x) s dx) to L 2 ({x)~ 3 dx) for any s > 1, and actually Ro(X±ie) — + 
Ro(X ± iO) in the operator norm (see e.g. pQ, |14j1. 

For negative A the estimates are of course much stronger since we are in the 
resolvent set of —A. Using 

< X e < §, — ^=r- > y/\X\ for all A < 
2 2VA e 

we have from for all A < 0, e > 

(2.5) |i? (A ± ie)g{x)\ < — / — r-\g(y)\dy 

Air J \x- y\ 

and actually for A < 0, e = 

'Wls-lfl 



Ro(X±iO)g(x) = — / — r-g(y)dy. 

Air J \x- y\ 

We collect here some immediate consequences of the above representations which 
will be used in the following. Since 

(2.6) [R (X + is) R Q (X ie)]g = f / ^-^e-*-*^ 9 (y)^ 

27rJ \x-y\ 

we can write for all A G K and e > 

(2.7) \\[R (X + ie)-R (X-ie))g\\ L o O < ^UW- 
Recalling Definition ll.il a straightforward computation shows that 

(2.8) \\Ra(X±iE)Vg\\ L °° <^-\\V\\ K \\g\\ L °° VA e R, e > 
for any measurable function V(x), and in a similar way 

(2.9) \\VRo{X±ie)g\\ L i<^-\\V\\ K \\g\\ Ll VA e R, e > 0. 

47T 
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Of course for negative A we have better estimates: 

Lemma 2.1. Assume V is of Kato class and has a finite Kato norm. Then for all 
5 > there exists Cg > such that 

(2.10) \\R € (X±ie)Vg\\ L oo<(^+C s ^^\\\g\\ L oc VA < 0, e > 
and 

(2.11) \\VR (X±ie)g\\ Ll <^S + C s ^^j\\g\\ Ll VA < 0, e > 0. 

Proof. By (|2.5|) we have 

|JJo(A±fe)V ff (x)| < ^ / JlM| 5 ( tf )| e -vffil*-vl dl ,. 
47T,/ f-2/1 

Now for any r > we can split the integral in two zones \x — y\ < r and > r; for 
the first piece we have 

47r ./|s-y|<r F - 2/1 47r J\x-y\<r F — 2/1 

and this can be made smaller than 5||<7||l°° by the definition of Kato class l|1.6fl . 
provided we choose r < r(S). With this choice we can estimate the second piece as 
follows 

1 f {Vm \ 9 (v)\e-^-yUy< Nl^/m^ 



i d vh\ 



L 5 



4?r J|x-»|>r(J) k ~ 2/1 47rr(5)y|A[7 |x - y\ 

where we have used the inequality e~ a < 1/a, and this proves (|2.1()|) . Estimate 
(|2.11jl follows by duality. □ 

We shall also need estimates for the square of the resolvent Rq(X ± is) 2 . Since 
by the resolvent identity 

^i?o(z) = R 2 (z), 
we have the explicit representations 



(2.12) R (\±iey 9 = — \±^/\ £+i —J J e V W ff (y)dy 
and 

(2.13) i? (A ± *0) 2 .g = ±^= J e ± ^~y\g{y)dy. 

From these relations we obtain immediately the estimate, valid for all A 6 E and 
e > with (A, e) ^ (0, 0) 

(2-14) \\Rv{\±ie) 2 g\\ L ~ < -±—\\g\\ L i. 

8t7V A £ 

3. The perturbed operator 

Properties of Schrodinger operators with a potential in the Kato class are well 
known, see e.g. [23- Under the assumptions of the Theorem (and actually 

even under weaker assumptions) one can prove that H = — A + V defines a self- 
adjoint nonncgative operator on L 2 . For the convenience of the reader, we sketch 
the proof in the following 
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Lemma 3.1. Let V = V+ — V- with V± > be a measurable function on K 3 
satisfying 



(3.1) 



V+ is of Kato class, 



V-\\ K < 4tt. 



Then the operator —A + V defined on C^°(W l ) extends to a unique nonnegative 
self-adjoint operator H = —A + V with domain T>{H) = H 2 (R. 3 ) such that 



(3.2) 



H^) L2 = (V>, ~AtP) l2 + V^) L2 > V V £ H (R ) 



Proof. We shall use the KLMN Theorem (see |2I, Vol.11, Theorem 10.17). Thus it 
is sufficient to verify the following inequality: 

(3.3) 



\V{x)\\tp(x)\ J dx < a / \V<p(x)\'dx + b\\(p\\i, {R3) 

JR 3 

for some constants a < 1, ft e R and for all test functions <p (whence the same 
inequality is true for all ip £ H 1 which is the domain of the form — (Aip, <p)). 
First of all we prove that for some a £ ]0, 1[ and for all b > 



(3.4) 



V-(x)\<p(x)\ 2 dx < a||V^||i2(R3) +b\\<p\\ 



This is equivalent to 

\(V-<p,(p) L 2\ < a(<p,-A(p) L a +b\\(f\\ 







6\ * 


a 


(h -\ 


- - <P 






a) 



L- 



where Ho = —A is the selfadjoint operator with domain H 2 (M. 3 ). Thus, writing 

i 

g = (i?o + ^) 2 <p, the inequality to be proved takes the form 



<a\\g\\ 



L 2 ' 



for some 1 > a > and all b > 0; and this is equivalent to prove that 
(3.5) \\TT*\\ L 2^ L 2 =a 2 <1 

where we introduced the operator T = \ V-\* (Ho + ^) 

i 



and its adjoint 



r* = [Ho + - 



Using the explicit representation 

-l 



a 



^ 4tt 



V- *. 



j-vTk-i/l 
\x-y\ 



we can write 



\\TT*y\\ 2 L2 



( //„ 

1 



\V-\*<P 



L- 



(4tt) 2 



V-(x)\ 



-Vfl^-vl 

\x - y\ 



\V-(y)\i\<p(y)\dy 



dx 



and by the Cauchy-Schwartz inequality we have 



< 



1 



(47T) 



\V-(x)\\ 



-vTk-*l 
k - y\ 



\V-(y)\dy 



■)(/ 



N - y\ 



\<p(y)\ 2 dy \ dx. 
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Now by definition of Kato norm we have (for all x and any a, b > 0) 

f e-v/fl*-*! f \V (v)\ 

(3.6) J—— lV _ m ^<j\^M dv < ]mK 

which implies 

\\v \\v r r P — v/fif-vi 
HTTVIIi. < \r^r / / l^-fr)! r: -i \rtv)\ 2 dydx. 



(Ait) 2 J J 1 v " |x — y 
Using again Ij3.6|l we obtain 

llTTVUi, < ^11* 

which means 

(3.7) \\TT*\\ L ^ L2 < = a < 1 

47T 

by assumption i|3.1fl. and this proves (|3.4|) 

To conclude the proof it is sufficient to show that for all test functions ip, for all 
a > and for some b — b(a) £ K 



(3.8) J ^ V + (x)\<p(x)\ 2 dx < a||V^||i 2(R3) + b\\ip\\l 2{R3) 

The proof is almost identical to the above one; the only difference appears in 
estimate (|3.fill where we split the integral as follows 

e~Vi\ x -y\ 

\V+(y)\dy-- 

F V\ J\x — y\<r J\x—y\>r 

for arbitrary r > 0. Fix now 5 > 0; if we choose r > small enough, the first 
integral can be made smaller than 8 by assumption 1|3.1J) : on the other hand, with r 
chosen, the second integral can be made smaller than S by choosing b large enough. 
In conclusion we have 

\V+(y)\dy<26 



f - y\ 

provided b in (|3.8(1 is large enough. 

Inequality l|3.3[) is now a trivial consequence of 13. 4|) and (|3.8|) ; thus the assump- 
tions of the KLMN theorem are satisfied and we can construct H = — A + 7 as a 
selfadjoint operator on H 2 . To check that it is positive, we write 

((-A + V)ip,cp) L2 = (-Ap,ip) L2 + (V<p,v) L 2 > HVdlJa - \(Y-<p,<p)v\\ 

by inequality (|3.4|) we may continue 

> {l-a)\\V<p^-b\\<pf» > -&|M|| 2 

for every b > 0, and this implies 

(3.9) ((-A + V)<p,<p) L2 >0. 

□ 

Remark 3.1. The above proof can be easily extended to general dimension n > 3. 
Indeed, the kernel K M {x) of (-A + A/) -1 for M > satisfies 

(3.10) ^(-b)! < _J_, Hm sup e^tf (*) = 
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for each fixed r > (see e.g. |2H], p. 454), and these are exactly the properties we 
used in the above proof. Moreover, the constant a n is well known and is equal to 



4vr «/2 /r (» _ | 



Thus we see that the result of Lemma l3.1l is true for all n > 3, provided the negative 
part of V satisfies 

(3.ii) ||y_||K<47r"/ 2 /rQ-i). 

4. Spectral calculus for the perturbed operator 

Lemma 13.11 allows us to apply the spectral theorem and hence to use the func- 
tional calculus for H = —A + V, i.e., given any function cj>(\) continuous and 
bounded on K, we can define the operator <f>(H) on L 2 as 

(4.1) <I>{H) f = -J— • L 2 - hm ( <j){X)[R v {\ + ie)- R v {\-ie)]fd\ 

2iri ej.0 J 

where 

R v {z) = (-A + V-z)- 1 

is the resolvent operator for H (see e.g. Vol. II of j2Z])- When the limit absorption 
principle is satisfied, one can define the limit operators Ry(X ± iO) and take the 
limit in the spectral formula as e — » 0. Instead, here we shall use formula (|4.1() 
exclusively, since our estimates will always be uniform in the parameter e > 0. 
For z outside the positive real axis we have the well known identities 

(4.2) R (z) = (I + Ro(z)V) R v {z) = R v {z) (I + VR (z)) , 

and a standard way to represent Ry (z) in terms of Rq(z) is to construct the inverse 
operators (/ + Rq(z)V) . This is the content of the following proposition, which 
is the crucial result of the paper. In the following we shall consider in detail the 
case of dimension 3 alone, but all the results in this section can be extended to 
general dimension n > 2 by suitable modifications in the proofs. 

Proposition 4.1. Under the assumptions of Theorem \l.l\ (or Theorem \1.5\) there 
exists Eq > such that the bounded operators I + Rq(\ ± is)V: L°° — > L°° are 
invertible for all A € K, < e < £o with a uniform bound 

(4.3) + R {\±ie)V)- 1 \\ ss[L ^, L ^ ) < C for all X el, < e < s . 

We need a few lemmas. First of all we recall the standard L 2 weighted estimate 
of the free resolvent (see e.g. pQ or Vol.11 of ^2]; see also 0]): 

Lemma 4.2. For all A > and s > 0, the free resolvent Rq(X ± is) is a bounded 
operator from the weighted L 2 ((x} 2s dx) to the weighted L 2 ((x)~ 2s dx) space for any 
s > 1/2; moreover the following estimate holds with a constant C — C(s) indepen- 
dent of e, X: 

(4-4) \\{x)- s R (X±ie)f\\ L 2 < ^=\\( x y f\\ L2 . 

The following is an elementary but useful property of Kato class functions: 

Lemma 4.3. A compactly supported function of Kato class has a finite Kato norm. 

Proof. Let V(x) be of Kato class with support contained in a ball B(0,R) C M 3 . 
Then by definition we have the uniform bound 

\V(y)\dy< [ pv)\dy<Co 

|x-y|<l J\x-y\<l F ~ V\ 
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for some Co independent of x; thus, covering the support of V with a finite number 
of balls of radius 1, we see that V 6 L . Hence we can write 



c - y\ J\x- V \<i F - y\ J\x- y \>i F - 2/1 

and this concludes the proof. □ 

The next lemma is sligthly modified from |26| : 

Lemma 4.4. If V(x) is a compactly supported function in the Kato class, then 
there exists a sequence of functions V E £ Qf^R 3 ) such that \\V E — V\\k —> and 
supp V £ I supp V as e — ► 0. When V > 0, the functions V E can be taken nonnegative 
too. 

Proof. By the preceding lemma V has a finite Kato norm, and clearly it belongs 
to L . Consider now a sequence of nonnegative radial mollifiers, i.e., let p(x) e 
Co°(K 3 ) be a nonnegative radial function with support in the ball < 1} such 
that J p(x)dx = 1, and set p E (x) — e -3 p(x / e) . Then we have the following standard 
properties of the Newton potential l/|x|: 

(4.5) —*p e =^- for \x\ > e, 

(4.6) J_* ft <J_ for all \x\ ? 0. 

\x\ \x\ 

Define now V e — V * p e ; for fixed x we have 



V(y) _rn± dz 



\x -y\ J \x-z 



v(y) [j^-rf E r Lz T ig ) dy 

\x-y\ J \y-z\ J 



\V e -V\\ K < sup f 



jdy 



and since by l|4.6(l the term in brackets is positive, 

< / W(y)\ - f dy < / 

J \\x-y\ J \y-z\ J J\x-y\<e f _ y\ 

where in the last step we used (|4.5ll . Taking the supremum in x, we obtain 

\v(y)\ 

cSR 3 J\x-y\<e F — V\ 

and recalling Definition 1 1 . 61 we conclude that ||V^ — V||jc — »• 0. Finally, the support 
of V £ is contained in the set of points at distance < e from the support of V, and 
clearly V > implies V s > 0. □ 

We prove now a property of the squared operator (RqV) 2 : 

Lemma 4.5. Let V be a compactly supported function in the Kato class. Then for 
all A > 0, e > and 6 > there exists a constant Cs depending only on S such that 

(4.7) \\Ro(\ ± ie)VR (\ ± ie)Vf\\ L - < (s + ^) ||/|| L -. 

Proof. By the maximum (Phragmen-Lindelof) principle, since Ro(z) is holomor- 
phic, it is sufficient to prove the estimate for e = 0, i.e., for the operators Ro(\±iO). 
If we approximate V by the sequence of test functions V £ constructed in Lemma 
14.41 we can write 

Ra{\ ± i0)VR (X ± iO)V = Ro(V - V E )R a V + R V E R (V - V s ) + R V E R a V E 
and using estimate l|2.8|l we obtain 

(4.8) \\RoVRoVf\\ L <*> < (2tt)- 1 \\V\\ k ■ \\V - V E \\ K ■ \\f\\ L ~ + \\RoV e RoV e f\\ L ~. 
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We can choose e — e(5) so small that 

(2^r i ii^ii^.||^-KiiK<i<5, 

and hence it sufficient to prove l|4.7J) with V replaced by V e . Now we have 
\RaV e RaV e f(x)\ < [ -^dy\\R VJ\\ L - + / lV f° Ve f l dy; 

J\x-y\<r F — VI J\x-y\>r \ X ~ V\ 

the first term clearly satisfies 



'\x— y\<r \ x V\ J\x — y\<r \ x V\ 

since V e is bounded, so that we find for all r > 

(4.9) \R V £ R V £ f(x)\ < tr(r)||7||jr||/||£ac + -\\V e RoV e f\\ L i 

r 

where in the last step we used the property 

\x-y\ J \x-y\ 

already used in the course of the proof of Lemma [4.41 In order to estimate the 
second term in (|4.9|) . we may write for some s > 1/2 

||V s J2oV B /|Ui < \\(xyV e \\ L 2\\(x)- s R V e f\\ L2 

and applying Lemma 14.21 we get 

<-^\\(xyv e \\u\f\\L~< ^=II/IU~ 

since V s is in . Coming back to l|4.9|l , we obtain 

\R V e R V e f(x)\ < (a(r)\\V\\ K \\f\\ L oo + ^--^= 

whence (|4.7|l follows. □ 
We prove now a fundamental compactness property: 

Lemma 4.6. Let V be a compactly supported function in the Koto class. Then 
for all X € R ; e > the operator Ro(X ± ie)V : L°° — ► L°° and the operator 
VRo(Xztie): L 1 — ► L 1 are compact operators. Moreover, if f 6 L°° then the 
function Rq(X ± ie)V f satisfies 

(4.10) \R Q (X±ie)Vf\<f- 

[x) 

for some C > 0, and hence in particular Rq(X ± ie)V f € L 2 ((x)~ 2s dx) for all 
s > 1/2 and X,e > 0. 

Proof. If the support of is contained in the ball {|x| < M}, we see that, for all 
|x| > 2M and y in the support of V, we have \x — y\ > |a;| — M > \x\/2. Thus by 
the explicit representation of Rq we get 

\RoVf(x)\ < [ \^MM dy <2l . f \ Vf \ dy for N > 2Af 
and recalling that F 6 L 1 we obtain the inequality 

(4.11) \RoVf(x)\ < t|| II^II^H/IU- for |ar] > 2M, 
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From (|4.11() and the usual estimate 

\RoVf(x)\ < 

we easily deduce the final statement (|4.10ll and that RoVf G L 2 ((x)~ 2s dx) for all 
bounded / and s > 1/2. 

In order to prove the compactness property, we may assume that V is a smooth 
function with compact support. Indeed, by Lemma 14.41 V can be approximated in 
the Kato norm by test functions V e , so that RqV is the limit of the sequence of 
operators RqV e in the Jz?(L°°; L°°) norm, since 

\\RoV E - RoV\\^ :L ^ < i-||V e - V\\ K . 

Thus the compactness of R^V follows from the compactness of RoV e . A similar 
argument holds for VRo. From now on, we shall assume that V € Cq°. 
Let fj be a bounded sequence in L°°; writing 



V x RoVf(x) = ±-J V(y)f(y)V x ^ ^ e^l-id/W^j dy 

we immediately obtain a bound for || Vi?oT^/j II i°° , uniform in j (recall that V now 
is smooth and compactly supported). Thus an application of the Ascoli-Arzela 
theorem shows that the sequence RqV fj is precompact in the L°° norm on any 
bounded set in R 3 . Using this compactness property for small x and again inequality 
(I4.11|) for large x, by a diagonal procedure we obtain that RoVfj has a uniformly 
convergent subsequence on the whole M 3 . 

To prove the compactness of VRo we write it as VRq — A r + B r where 

V(t) C P ±iV^\x-v\ , , ^- 

(4.12) A r g(x) = / — e -^-y\nVK Xr[x _ y)g{y)dy 

4tt J \x-y\ 

(4.13) B r g(x) = ^ / — e -^-v\/^ {1 _ Xr[x _ y )) g{y ) dy . 

4?r J \x- y\ 

here Xr(y) — x(y/ r ) i s a cutoff function equal to 1 for x near the origin and 
vanishing for large x. It is easy to show that B r is a compact operator on L , 
indeed, it is a bounded operator from L 1 to H /1,1 (fi) for f2 any bounded open set 
containing the support of V, while IF 1 ' 1 (0) is compactly embedded in L 1 (R 3 ) by 
the Rellich-Kondrachov Theorem. Since ||^4r||^f(i 1 ; Li) — > as r — > 0, we regard 
as above l^i?o as the uniform limit of compact operators, and this concludes the 
proof. □ 

The following version of the same lemma will be useful later on: 

Lemma 4.7. Assume V satisfies the inequality \V(x)\ < C(x)~ 3 ~ s for some C,S > 
0. Then all the conclusions of Lemma \4-b\ remain true. 

Proof. The estimate follows immediately from the standard inequality 

dy < C 



(y) 3+5 \x-y\ ~ (x) 

(see e.g. Appendix 2 of 2 ). The compactness property is proved as above using 
the Ascoli-Arzela Theorem. □ 



We are now ready to prove the main proposition of this section. 
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Proof, (of Proposition ^, lj l. The inversion of I + Rq(z)V : L 00 — ► L°° is quite easy 
when << 0. Indeed, Lemma l2~Tl states that for all 8 > there exists a constant 
C«5 > such that 

\\R (\±ie)V\\j? iL o a . Loa) <8 + C s ^§, VA<0, e>0. 



Hence, in particular, for A < — <5 2 ( C,j 1 1 1 1 ^ ) — 2 we have ||i?o(A ± ie)V\\^ (l°°;L°°) < 
2<5, and this means that the norm ||i?o(A±i£)V r ||.£«(£°o;£=°) tends to for A — > — oo, 
uniformly in e. Thus / + Rq(X ± ie)V can be inverted by expansion in Neumann 
series for any e > and any A < — M provided M > is large enough, and the 
Jzf (L°°; L°°) norm of the inverse operator is bounded by a constant depending only 
on M (and V). 

We now consider the case 5iz >> 0. Let V = V\ + V% be as in Theorem ll.il and 
write for brevity 

T = R (z)V 1 , S = Ro(z)V 2 . 

We first notice that I + S can be inverted for all z G C, with bounded inverse; 
indeed, by lEHJ) the norm of S: i°° -> L°° is bounded by ||^ 2 ||;f /(4tt), which 
is strictly smaller than 1 by assumption ljl. 91) . and the result follows again by a 
straightforward Neumann series expansion. We thus get for all z 

(4.i4) ui+sr'w^.,^ < (i-ii^hw^))- 1 . 

We then invert I+T for large A = 5Rz. Lemma l4~5l ensures that ||T 2 |j^f — * 
as A — ► oo. This implies that for any 6 G]0, 1[ we can find \$ such that for all 
5Rz > \$, I — T 2 is invertible with norm 

(4-15) ||( 7 _ T 2 ) -i| U(ioo . ioo) <_l_. 

Since I — T has norm in Jzf(L°°; L°°) bounded by 1 + (47T)" 1 1| Vi independently 
of z and 

(I - T)(I - T 2 )- 1 = (I + T)- 1 , 
we conclude that also I + T is invertible for any 31 z > A,5 , with bound 

(4.16) W + T)- l \\^, L ^ < -1_(1 + 11^1^/(4^)). 

Consider now for 5ftz > As the operator 

Sil + T)- 1 ; 

by the usual bound HSU sg(L°°;L'* > ) < ||V2||k/(47t) and by (|4.16|) we obtain 

W + H- W-) S gLllVilU-^ (l + M) - jfj 
where the constant a, recalling the main assumption (|1.9(l . satisfies 

Hence we see that 

H^J + T)- 1 11^(^.^=0) < ^ < 1 

provided 6 < 1 — a, i.e., provided A$ is large enough. Thus, choosing a value of \$ 
large enough, we have that for 5Rz > As the operator 

I + Sil + T)- 1 

is invertible. Finally, writing 

(I + S + T)- 1 = (i + Ty^i + sii + T)- 1 )- 1 , 



ROUGH POTENTIAL 



15 



we see that I + S + T = I + RqV is invertible with the bound 

(4.17) + RoizW)-^^ < (l + S) Y^b^ 
for Viz > X s . 

It remains to invert I+S+T for —M < Viz < X 5 , < 3z < e (or > 3z > -e ), 
with a uniform bound. To this end we shall apply Fredholm theory; notice that 
the standard analytic Fredholm theory cannot be applied directly since we are not 
in the usual Hilbert framework but we are working in L°° instead. We proceed in 
two slightly different ways according to the set of available assumptions. 

4.1. Case A: assumptions of Theorem 11.11 The first step is to prove that 
I + S + T : L°° — > L°° is injective. A general argument shows that this is always 
the case when z is outside the positive real axis [0, +oo[, provided V = V\ + V2 
satisfies (i), (ii) of Theorem ll.il To see this, we approximate V\ with a sequence 
of nonnegative test functions Vs in such a way that \\Vi — V$\\k — * (see Lemma 
14. 4|) : thus we can decompose V as 

V = Vs + W s , 0<V s eCS°, \\W s \\k = \\V 2 + V 1 -V s \\k < 4tt 

for S small enough. Assume now that the bounded function g satisfies the integral 
equation 

(I + R (z)V)g = 0, z^M+; 

we shall prove that g — 0. Indeed, we can rewrite the equation as follows: 

(7 + R (z)W 5 )g = -Ro(z)V s g e 

Now, Rq(z)Ws has norm < 1 as a bounded operator on L°°, hence we can invert 
I + Ro(z)W$ and we obtain 

g = -{I + Ro(z)W 5 )- 1 R (z)V 5 g. 

Note that 

(I + R (z)W s )- 1 Ro(^ = {—z - A + Ws)- 1 
is exactly the resolvent operator of —A + Ws, at a point z outside the spectrum. 
Moreover, Vsg is in L 2 , hence g = {—z — A + Wg)~ 1 Vsg is in H 2 ; since 

(-Z-A + V)g = 0, z £ M+ 

we conclude that g = as claimed. 

When z G [0, +00 [, assumption (iv) of Theorem ^T] means exactly that I + S + T 
is injective on L°°, thus we have nothing to prove in this case, and we obtain that 
I + S + T is injective for all values of z G C. 

The second step is to prove that / + S + T is invertible. Recalling that I + S is 
invertible for all z, we can write 

I + S + T = (I + T(I + S)- 1 )^ + S) 

which implies that I + T(I + S 1 ) -1 is also injective for all z. But T, and hence 
T(I + S)^ 1 are compact operators on L°°, thanks to Lemma 14.61 By Fredholm 
theory this implies that I + T(I + S)^ 1 is invertible, and in conclusion I + S + T 
is invertible too and the following identity holds: 

(4.18) (I + S + T)- 1 = (I + S)-\I + T(I + S)- 1 )- 1 . 

The last step is to prove a uniform bound on (I+S + T) -1 . This is the content of 
the following lemma, which is our L°° replacement for the usual analytic Fredholm 
theory in the Hilbert spaces L 2 ({x) s dx). 
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Lemma 4.8. Assume V = V\ + V<i, with V\ compactly supported, ||V1||k < +00, 
and HVallic < 47r. If the operator I + Rq(z)V : L°° — ► L°° is invertible for all z in 
a compact set D C C+ = {5Rz > 0} (or D C C~), then 

SUp + J Ro( z )^r 1 ||j^(L-;L = ) < OO. 

Proof. We write as before 

(4.19) T = i2o(*)Vi, 5 = i?o(^)V 2 
and when z n is a sequence of points in C we shall also write 

(4.20) T n = R (z n )V u S n = R (z n )V 2 

Moreover, we shall denote by the space of bounded compactly supported func- 
tions, and by L§° its closure in L°°; in other words is the space of bounded 
functions vanishing at infinity, with the uniform norm. 
The proof consists in several steps. 

Step 1: S is a bounded operator from Lg° into itself. Indeed, given any (j> S L§°, 
decompose it as 

4> = 4>M + tpM, 4>M = 4> ■ l{|a;|<M} 

where l{|a;|<M} is the characteristic function of the ball {|x| < M}. As in the proof 
of Lemma 14.61 we have immediately 

(4.21) \S4> M (x)\ < ^H^IUx^i^m) for \x\ > 2M. 

PI 

On the other hand, 

(4.22) \\Si/>m\\l» < C||^Mk~ for M -> +00 

since 4> vanishes at infinity. Then, given any S > 0, we may choose M = Mg such 
that HV'Afllz, 00 < <5; from 14.21J1 we obtain 

\S<t>{x)\ < \S<p M (x)\ + \Si/> M (x)\ < + 5 for \x\ > 2M S 

\x\ 

and this implies S<p G Lg°. 

Step 2: If D 3 z n — » z and 4> E Lg°, then S n (j> — > S(j) uniformly on R™ (with the 
notations l|4.2()|l ). To prove this, we notice that 



e 



rw>, \.c 



\x-y\ _ „iw\x-y\ I 



< C\w n - w\ 



\x - y\ 

provided w n , w stay in a compact subset of C; from this, it easily follows that 

(4.23) \(R (z n ) - R (z)f\ < C(D) ■ \z^ 2 - z]' 2 \ ■ \\f\\ Ll 

with the determination (pe* 6 *) 1 / 2 = y/pe 10 / 2 . Now, let <f> € Lg°; to prove that S n (j) — 
Ro{z n )V24> converges to S4> = Rq(z)V24> uniformly, we decompose (f> = 4>m + V'M as 
in Step 1 and write 

\S n (j)(x) - S(f>(x)\ < \S n <f> M (x) - S(f) M {x)\ + \S n ipM(x) - Sip M {x)\. 

The second term is bounded by 

\S n ^ M {x) - Sip M {x)\ < \\V 2 \\k ||V>m||l~ 

which can be made smaller than 8 > provided M > Ms, as in the preceding step. 
To the first term we apply 1)4. 23[) and we obtain 

\S n <j> M {x) - S<p M (x)\ < C{D) ■ \z]j 2 - zV2| . ||V2||ii(| y |<Aoll^lk- 
whence we see that this term tends uniformly to for each fixed M, when z n — > z, 
z n , z £ D, and this proves the claim. 
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Note that in Steps 1 and 2 we did not use the assumption ||T4||k < 47r; both 
properties are true for potentials of arbitrary (but bounded) Kato norm; in partic- 
ular, they hold for T,T n . 

Step 3: If D 3 z n -> z, cj> e and k > 1, then S k <f> -> SV uniformly on R" 
(where S k , 5 are the fc-th powers of the operators defined in l|4.19|l . It is 

sufficient to write 

k 

s k n -s k = Y J si- 1 {s n -s)s k -^ 

3=1 

and prove the convergence of each term separately. Indeed, S k ~ 3 ' 4> is a fixed element 
of Lg° by Step 1, hence (S n — S)S k " 3 <f) — * uniformly by Step 2, and remarking 
that are bounded operators on L°° with norm < \\S n \\ 3 < 1, we conclude 

that S^(S n — S)S k ~ 3 cf) ~ * uniformly, as claimed. 

Step 4: If D 3 z n ->■ z and € Ljf , then (J + S , „)"V tends to (J + S)" 1 ^ 
uniformly on M n . To prove this, note that can write for any TV > 1 

JV oo 

(i + s n )- 1 -(i + sy 1 = Y,(- l ) k ( s n- sk )+ E -s k y, 

k=l k=N+l 

the second sum can be estimated in the norm of bounded operators on L°° as 
follows 

\Sn\\ N+1 , \\S\\ N+1 



E 

k=N+l 



< 



1-||5„|| 1-||5|| 



which is smaller than <5 for iV > Ng large enough; on the other hand, we can apply 
Step 3 to the terms S k — S k for k = 1, . . . , N, and this concludes the proof of this 
step. 

Step 5: Conclusion of the proof. We know already that (I + S)^ 1 is well defined 
with bounded operator norm for all z, hence by the identity 

I + T + S = (I + S)(I + (I + 5')- 1 T) 

we see that it is sufficient to bound the operator norm of (/+(/ + S , )~ 1 T) _1 for 
z € D. By the uniform boundedness principle, our claim reduces to the following: 
given any sequence z n in D, which can be assumed to converge to z S D, we have 
that for all <fi S L°° there exists c(4>) > such that, for all n, 

(4.24) IKJ+fJ + Sn)- 1 ^)- 1 ^! < c(<f>) 

(just take any sequence z n such that the norm in (|4.24|) converges to the supremum 
over D). We use again the notations l|4.19|l . (|4.20|l . 

Indeed, assume by contradiction that there exists cj) S L°° such that 

(4.25) || (/+(/ + Sn^T^^W ^oo asz„^z 
and consider the renormalized functions 

Vn \\(I+(I + S n )-iT n )-^\\ L ~- 

Clearly we have 

(4.26) ||V>„|U°o = l, (7+(/ + 5„)- 1 T„)^„^0 inL 00 . 
We have also ||T„ — T\\ — ► 0, since using again (|4.23|) 

|(T„ - T)0| < C(D) ■ |zy 2 - z 1 / 2 ! • HViMMU-. 
This and l|4.26[) imply 

(4.27) Unh°o=l, {I + (I + S^T)^ ^ inL°°. 
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Now, by Lemma T4. 61 we know that T is a compact operator on L°° and the image 
of T is contained in L§° (see l|4.1()|l ). hence by possibly extracting a subsequence we 
obtain that Tip n converges uniformly to some function C, G . Now we can write 

(i + s„)- 1 tv„ = (/ + s n y\T^ n - c) + (/ + s^c 

since ||(I + S' n )~ 1 || < C independent of n, the first term converges uniformly to 0, 
and by Step 4 we obtain that 

{I + S n )- l Til> n ^ (I + S)-^ 
uniformly. By 14.27fl . this implies the uniform convergence 

^ l ^-(/ + 5)- 1 C-:^; 

notice in particular that H^Hz, 00 = 1. Summing up, we have proved that 

xp n ^^ = -(i + s)-\, rvv,^C = ?¥ 

and this implies 

+ {I + S^Ttp = i.e. {I + S + T)tP = 

which is absurd since / + T + S is invertible and HV'Hi 00 =1- ^ 

4.2. Case B: assumptions of Theorem 11.51 We note that a potential V satis- 
fying the new assumptions can be split as V — V{ + V 2 ' with V{, V% as in (i), (ii) of 
Theorem 11.11 (take V{ — V for |x| < R and outside, with R large enough). Thus, 
for z [0, \$] the same arguments as in Case A apply; also Lemma 14.81 can still 
be used. Hence it is sufficient to prove that I + Rq(z)V is invertible for z € [0, As] 
under the new assumptions. 

Since V\ fulfills the conditions of both Propositions II. 31 and II .41 we see that the 
operators I + Rq(X ± iO)Vi are injective on L°° for all A > 0. 

We now prove injectivity also at A = 0. Thus, let the bounded function / satisfy 

(4.28) f( X ) + / YMMdy = 0; 



\x - y\ 

in particular, / is a weak solution of 

A/ = Vi/eL 2 =>■ feH 2 . 

Now, if V\{x) < C(x)~ 3 ~ s for \x\ > M, we have immediately, for all \x\ > 2Af, 

\m\ < II^IU 1(l ,<M)ll/lk^ + qi/IU»/ < g 

(see Lemma l4~7l aboveV Differentiating Ij4.28l) we see that V/ satisfies an analogous 
integral equation 

Vf(x) + / V 1 (y)f(y)W x -^—dy = 

J \x-y\ 



which implies 



\x-y 

Proceeding as above, we can write for \x\ > 2M 

|V/(x)| < H^lu^H^II/IU^ + cii/iu./ {y) Jl_ y? < ^ 

thanks to the standard inequality (see 0) 

dy < _C_ 



(y} 3+s \x - y\ 2 
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Thus we have proved that for all |ar| > 2 M 

(4-29) |/(*)| < |V/(*)| < 

Now a standard cutoff trick can be applied (see the Appendix of let 4> £ 

equal to for | re J > 2 and equal to 1 for |x| < 1, consider the identity 

/ (|V/| a + Vi|/| 2 W|)dy = -~ / V^(|)-V/-7dj/ 

J H jR<\y\<2R KKJ 

and apply the estimates (|4.29(1 to the right hand member, for R large enough. We 
obtain 

(|V/| 2 + ^|/| 2 )0(|)d y <^ 

and taking the limit as R — > oo we conclude that / = 0, i.e., is not a resonance. 

Writing as before T = i?o(z)Vi, we have just proved that I + T is injective on 
L°° for 2 G [0, \g]. Now we remark that we can split V\ = V{ + V" as the sum of 
a compactly supported function V{ £ L 2 , hence with bounded Kato norm, and a 
function V" < C(x)~ 3 ~ s . The corresponding operators T = T' + T" are compact 
on L 00 by Lemmas 14.61 14. 7l respectivelv. hence T is compact and by Fredholm theory 
we can conclude that I + T is invertible for all z £ [Q,Xs]. Then Lemma l4~^l ensures 
that the operator norm (I + T) _1 is bounded by some constant Co uniform on 
z £ [0,X S ]. 

Now, writing 

I + T + S=(I + T)(I + T)~ 1 S) 
we see that in order to invert I + T + S it is sufficient to invert I + (I + T)~ 1 S; 



since 



V 2 \\k „ „ \\V 2 \\k 



\(I + T)- l S\\ < ||(J + T)- 1 \\ ■ < C 



47T 47T 

this can be achieved by a Neumann expansion as soon as the Kato norm of V2 is 
small enough, i.e., 

\\VAK<^=:e{V 1 ). 

This is exactly assumption (|1.13() . 

Thus we have proved that I + S + T is invertible for all complex z, and a last 
application of Lemma f4 . 81 concludes the proof of Case B. □ 

We can now draw some consequences which shall be used in the following. 

Corollary 4.9. Under the assumptions of Theorem (or Theorem \1.5\l there 
exists £0 > such that the bounded operators I + VRq(X ± is): L 1 — » L 1 are 
invertible for all X eE, < e < £0 with uniform bound 

(4.30) ||(/ + yi?o(A±i£)) _1 ||^ (L i ;L i) < C forallX£R, < e < e . 

Proof. The operators I + VRq are one to one on L 1 by duality, since by Proposition 
14. II the operators I + RqV are onto. They are onto by Fredholm theory, since VRo 
are compact operators on L 1 by Lemma 14.61 Finally, the bound on the inverse also 
follows by duality and the bound l|4.3(l : indeed, (L 1 )' = L°° and hence 

+ VRo)f\\ L i = sup [ h{I + VRo)fdx= sup [ f(I + R V)hdx. 

\\h\\roa=lJ \\h\\r^=lJ 



a 
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As a consequence of (|4.2|) and of Proposition ^. II Corollary 14. 91 we can write the 
standard representation formulas: 

(4.31) Rv(z) = (/ + RoV^Roiz) = R Q (z)(I + VR Q )-\ 
By combining these relations we easily obtain the identity 

(4.32) R v (X + ie)-R v (X-ie) = 

= (I + R a (\ - ^e)y)- 1 (i^o(A + ie) - R Q (X - is)) (J + VR a (X + te))- 1 
for all A € R, s e]0,e ]- Then by the bounds (f^TTfl and l|P)l. (|4~3U|l we obtain 

(4.33) ||[i2 v (A + fe)-.R*r(A-fe)]0|| i e. < cVa e || 5 || l i. 

for all A e R, e e]0, e ]. 

Moreover from l|4.31[) we get 

(4.34) R v {\ ± ^) 2 = (I + i?o(A ± ie)V) _1 J2o(A ± ief{I + VR {\ ± ie))" 1 
and recalling H2.14fl we obtain 

(4.35) \\R v {X±iefg\\ L ~<^\\g\\ L , 
for all A € R, £ e]0,e o ]. 

5. Equivalence of Besov norms 

This section is devoted to prove the equivalence of perturbed and standard Besov 
spaces 

(5.1) Bt q (R 3 ) S Sf >9 (F) 

which holds for < s < 2 and 1 < o < oo under our assumptions. An analogous 
property holds also for non homogeneous spaces. 

We begin by adapting to our situation a result of Simon |26j (whose proof we 
follow closely). Hoping that estimates (|5.4(l and (|5.6II may be of independent in- 
terest, we shall give the proof for general dimension n. If the negative part of the 
potential is in the Kato class but not small, by Theorem B.l.l of [23 the semigroup 
is still bounded, but its norm may increase exponentially as t — > oo. 

Proposition 5.1. Assume the potential V = V+ — V- on R™, n > 3, V± > 0, 

satisfies 

(5.2) V+ is of Kato class 
and 

(5.3) \\V.\\ K <c n = 2^ 2 /r(^-l 

and consider the self adjoint operator H = — A + V . Then for all t > and 1 < p < 
q < oo the semigroup e~ tH is bounded from L p to L q with norm 

ik as ii -urn / (2?rt)-T n f 1 1 

Moreover, under the stronger assumption 
(5-5) ||y_||x<~c„ 
e~ tff is an integral operator with kernel k(t,x,y) satisfying 

(5-6) \k(t,x,y)\ < (2 "f e-l-"'/", 

1 - 2||V_||jr/c n 
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Proof. In the following we shall use the more convenient notations 
(5.7) H=~A + V, H = ~A; 

thus in the final step it will be necessary to substitute t — > 2t and V — > V/2 in 
order to obtain the correct estimates. 

The fundamental tool will be the Feynman-Kac formula 

-tH , 



27T™/ 2 



(5.8) (e- tw /)(a:) = B a (^exp I - jf 7(6(*))ds 1 /(&(*)) 

which is valid under much more general assumptions (see e.g. |29|). Here E x is 
the integral over the path space f2 with respect to the Wiener measure fi x , x € R™, 
while b(t) represents a generic path (brownian motion). We shall not need the full 
power of the theory but only a few basic facts: 

i) Given a non negative function G{x) on W 1 we have the identity 

(5.9) E x Qf G(6(«))ds) - y Q t (x-y)G(y)dy 
where Qt{x) is the function 

(5.10) Q t (:c) = / (2^)-™ /2 e- |x|2/2s ds. 

Jo 

It is easy to see by rescaling that 

f M-^-M^V, . jf" - r (= - l) 

so that by definition of c„ (see (|5.3|l ') 

and by (|5.9|) 

(5.12) £ x Qf G(b(s))ds\ < 

ii) Khasminskii's lemma (|18j: B.1.2 in |26|): if G{x) is a non negative function 
on W l such that for some t 

(5.13) a = supE x ^ G(6(s))ds^ < 1, 
then 

(5.14) sup^ ^exp G(b(s))ds^j\ < ^— . 

An immediate application is the following: if V— satisfies 

\\V-\\ K <c n 

we have 

a = snpE x (f V-(b(s))ds] < — \\V-\\ K < 1 

an V^O / C ™ 

by P^f . so that 

(5.15) s, P E, (e x „ (/' V- «.))*)) < prp^T - 



A"- 
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These simple facts gives us the first L°° — L°° estimate for the semigroup. Indeed, 
by the Feynman-Kac formula we have 



(5.16) 



/|| L ~ - sup E x fexp (- [ V(b(s))ds) f(b(t))) < 

< \\f\\z.~E x fcxp (- [ \V-(b(s))\ds)) < 11 



l~\\V-\\ K /c n 

The second step is a L 2 — L°° estimate. By the Feynman-Kac formula and the 
Schwarz inequality 

1/2 

V.(b(s))ds) ) E x (\f(b(t))\) 1/2 = 



(5.17) \e- tH f{x)\ < E x (ratp (-2 jf 



(e-^ Ho+2V h)(x)] y2 [e~ tHa \f\ 2 ] 1/2 



where in the last step we used again the formula; now e~ tH ° is the standard heat 
kernel which has norm (27rt) - ™/ 2 as an L 1 — L°° operator, while we can apply 
estimate (|5.16|) to the operator e~ t ^ Ho+2V K We thus obtain 

\e~ tH f{x)\ < |fe (2^)-"/ 4 ||/|| L , 

1 - 2\\V-\\ K /Cn 

which implies 

(5-18) ||e- tH /||^ < - {2 ZTT,_ \\f\\v, 



l-2\\V-\\ K /c n ' 



provided 



\V-\\k<%. 



By duality, since e is selfadjoint, we obtain the L — L°° estimate 

(5.19) \\e- tH f\\L* < -. ( ^",| /4 /. H/IU 1 ' 

using the semigroup property we can write 

e- tH f = e-i H e-i H f 
and applying (|5.18[) first, then H5.19|l we obtain 

(5-20) \\e- m f\\L~ < n j, ■ J I/IUi. 

(1 - 2||V r _|| i f/c n )- 

Now recalling (|5.16(l . by duality and interpolation we obtain 

(1-2||^_||k/c„) 2 ' 

(the constant could be slightly but not essentially improved) with 7 as in the state- 
ment. The change t — > 2t, V — > V/2 gives (15 .41 . 

Let now g(x),h(x) be bounded functions; the same argument as in l|5.17|) gives 

|e- tff fc(aO| < [( e ^+ 2y )|/i|)( S )] 1/2 [ e - tffo |/i|(x)] 1/2 

and multiplying by g(x) and taking the sup we get 

(5.21) \\ge- tH h\\ L ~ < Ibe-^+^^lll^llse-^l^ll^. 

We choose 

g = XK 1 , h= fxK 2 



\\e- tH f\\ LP < - n , ,J |/|U. 
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where f(x) is a bounded function while XK t , Xk 2 are the characteristic functions of 
two disjoint compact sets Ki, if 2. We may estimate the first factor in (|5.21|> using 
(|5.20j) as follows 

|| 9 e-W^>W|U~ < || e - t ^ +2 ^|/ i |||^ < W~"' a v MxkA* 

(1 - 4\\V-\\ K /c n y 

while for the second we may use the explicit kernel of e~ tH ° i.e., 

(2^)""/ 2 expHx - 2,| 2 /2<) 

and we obtain 

\\ge- tHo \h\\\ L ~ < (27Tt)-^ 2 exp(-d 2 /2t)\\fxK 2 \\L^ d = dist^i, K 2 ), 
In conclusion we have 

(5.22) \\x Kl e- tH f X K 2 \\ L ~ < ' Mv ,, , \\fXK 2 \\ L i, d = dist^, K 2 ). 

1 - A\\V-\\K/C n 

By the Dunford-Pettis Theorem (see Treves [2H1 and A.l.l-A.1.2 in 26 ), this im- 
plies at once that e~ tH has an integral kernel representation, with kernel 

and this concludes the proof (after rescaling back t — > 2t, V — > V/2). □ 

We shall now use the above kernel representation of the semigroup to improve a 
result due to Jensen and Nakamura (Theorem 2.1 in |15|): 

Proposition 5.2. Assume the Kato class potential V = V+ — V- on 1", n > 3, 

V± > 0, satisfies 

(5.23) H^+ll^ < 00 
and 

(5.24) nvqi* < I c „ ^ W 2 /r Q - 1 

and consider the selfadjoint operator H = —A + V. TTien for any g 6 Cq°(R) 
and any 9 > f/ie operator g{9H) is bounded on L p (M. n ), 1 < p < 00, with norm 
independent of 9: 

(5.25) \\9{0H)\y {Lr , Lv) <C(p,n,g,V). 
The same property holds for the rescaled operators 

(5.26) \\g(H e )\\^LP;LP) <C(p,n,g,V), 
where Hg = -A + 9V{V9x). 

Proof. The proof for fixed 9 is contained in JH]. In Theorem 2.1, the result 
was extended to the uniform estimate l|5.25|l for < 6 < 1, under assumptions on 
the potential weaker than ours. Following that proof, in order to extend the result 
to 6 > 1 it will be sufficient to prove that a few estimates are uniform in 9 > 1. 
More precisely, consider the rescaled potential 

(5.27) V e (x) = 9V(Ve~x); 

notice that the Kato norm is invariant under this transformation: 
(5-28) \\Ve\\ K ^\\V\\ K . 
Consider the operator 

(5.29) H e = -A + V e . 
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We proceed exactly as in the proof of Theorem 2.1 in ^|)]; as remarked there, l|5.25|) 
is a consequence of (I5.26|) . Thus we are reduced to prove that 

(5.30) \\9{Hg)\\^ LP . LP) < C 

uniformly in and this amounts to prove three estimates uniformly in 6: 

i) a pointwise estimate for the kernel of e~ tHe , 

ii) an L 2 — L 2 estimate for the operator (Hg + M) -1 / 2 , M > a fixed constant 
(we can take M — 1 here), 

iii) an L 2 — L 2 estimate for the operator d x (Hg + M)^ 1 / 2 . 
Step i) follows directly from estimate 15. 6|) 

(5.31) \kg(t, x, y)\ < (2 ^f ^ e -l*-,l 2 /4 t , 

1 - 2\\Vg_\\ K /c n 

which is uniform in 9 > since by (|5.27() 

\\Vg_\\ K = \\V.\\ K 

does not depend on 9. 

Step ii) is trivial since \\(Hg + M) _1 / 2 ||^?( £ 2. £ 2) < M^ 1 / 2 . To get iii), we must 
prove that 

\\d x {H e + M)- 1/2 f\\ L , <C\\f\\ L 2 

or equivalently 

(5.32) \\g\\ H1 <C\\{H e + M) 1/2 g\\ L 2 
for some C independent of 9 > 0. We rewrite H5.32J) as 

(5.33) C-^gWfr < (-Ag,g) + (V e g,g) + M\\g\\ 2 L2 . 
Clearly (|5.33|l is implied by 

(5.34) \(Vg_g,g)\ < aWgW^ + M\\g\\ 2 L2 , a < 1, a independent of 9. 
Now recall H3.4JI . where we proved the inequality in dimension n = 3: for all b > 

(5.35) \W,<p,<p)\<a(-A<p,<p)+ b\\<p\\ L i 
where by (|3.7|l 

/r oc X 2 WV^Wk 

5.36 a = — . 

V ' 47T 

We can now apply (|5.35|l . (|5.36() to Vg_ whose Kato norm is independent of 9: 

a 2 = \\Ve-\\K = \\V-\\k < eg = 1 

4-7T 47T 8ir 4 

by (|5.24(l . and this concludes the proof of iii) in dimension n = 3. 

The proof for n > 3 is identical; it is sufficient to use again l|3.4|) , (|3.7|l which are 
still true for general dimension n, as noticed in Remark 13. II □ 

The following consequence will be useful: 

Corollary 5.3. Assume V satisfies the assumptions of Provosition W?^ let Hg = 
-A + 9V(V0x), H = -A, and let tpj(s) = tp (2~ j s), ipj(s) = ip {2~^ s) be two ho- 
mogeneous Paley-Littlewood partitions of unity, j G Z. Then we have the estimates: 
for all j, k G Z, 

(5.37) \\^(^He)M^)\\^^) < C2~ 2j+2k 

with a constant C independent of j,k and of 9 > 0. The same estimates hold 
interchanging Hq and Hg . 
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Proof. We first note two consequences of (|5.25|l : for all j, with a constant indepen- 
dent of j , 

(5.38) \\v 3 (VHe)H e \\j? (LP . LP) < C2 2 \ y^VHe)^ 1 ]^.^ < C2~^ 

and the analogous ones for Ho instead of H (indeed, the case V = is a special 
case of H5.381 ). The first one follows by choosing 

g(s) = <p (V^)s g(2- 2j Hg)=<p j (VH e )2-^H e ; 

the second one follows by 

g(s) = M^- 1 => g(2- 2] H e ) = ip^VHe^Hg 1 . 

Then we can write 

<Pj(VH )il> h (y/Ho) = tp j ( V~He ) Hg 1 H e tpk ( \/#o) = 

The first term can be estimated immediately using ()5.38|l : 

W^iVHe^HoMV^)^^) < C2~ 2j+2k - 
for the second one we may write 

\W 3 {^Ho)H g 1 VeMVth)\\^(L P ;L,) < C2-V\\V e ip k (VH~a)\\s?(L*-,Lv) 
and since 

VeMy/Ho) = VeR o (0)HoM\/H~o), 
recalling that VgRo is a bounded operator on L 1 (with norm proportional to the 
Kato norm of Vg which does not depend on 9) and applying again H5.38[l we obtain 

For higher dimension n > 3 the proof is identical; only in the last step we need 
the estimate 

||VJ2o(0)/|| £ i < C||V||k||/IUi 
which is true for any n. Indeed, i?o(0) apart from a constant is the convolution 
with the kernel |x| 2_ ™, and this gives immediately that ^(0)^ is bounded on L°° 
with norm (7||V||if. By duality we deduce that VRq(0) is a bounded operator on 
L 1 with the same norm. □ 

Using Corollary 15.31 we can show the equivalence of non homogeneous Besov 
spaces Bf (V) with the standard ones, and later on we shall prove the more delicate 
result concerning the homogeneous case. We recall the precise definition: given a 
homogeneous Paley-Littlewood partition of unity <pj(s) — ipq(2~ 3 s), j € Z, we set 
for p £ [1, oo], q € [1, oof, sel 

with obvious modification when q = oo. On the other hand, if we consider a non 
homogeneous Paley-Littlewood partition of unity, i.e., tpj as above for j > 0, and 
we set 

= 1 - X] W 

j>0 

we have ipo £ C^°(]R n ), and we can define the non homogeneous Besov norm as 

\ 1/9 

\fhl, q (v) = I ||^o(VF)/||i P +^2^|| ¥ > i (Vff)/|| i / 
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When V = we obtain the classical Besov spaces, which we denote simply by B* 
and Bp q . 

Theorem 5.4. Assume the Kato class potential V = V+ — V- on K n , n > 3, 

V± > 0, satisfies 

(5.39) ||V + || JS -<c» 
and 

(5-40) ||^|k<i c „^W 2 /rQ-i) 

Then we have the equivalence of norms 

(5-41) \\f\\B lq (V) = ||/K„ 

/or a/Z g € [1, oo], < s < 2. Moreover, for the rescaled potentials 

(5.42) VeOr) = 9V(y/$x) 

we have the uniform estimates 

(5-43) C-'UWb^ < \\f\\ Blq (v e ) < C\\f\\ Blq 

with a constant C independent of 9 > 0. 

Remark 5.1. In order to improve the result and consider higher values of s > 2 
stronger smoothness assumptions on the of the potential V are necessary; we shall 
not pursue this problem here. Also, to prove the equivalence of Besov spaces Bp q 
for p ^ 1, one should prove different bounds for the operator VRq on L p ; this is 
possible but quite technical and we limit ourselves to the case p — 1 which is our 
main interest here. 

Proof. We shall limit ourselves to the case q — 1 and we shall only prove the 
inequality 

(5-44) ll/lk, lW < C\\f\\ BiA ; 

the proof of the reverse inequality and of the cases 1 < q < oo are completely 
analogous. 

In the following we shall drop the index 9 since all the estimates we use (from 
Proposition 15 . 21 and Corollary 15. 3fl have constants independent of 9 > 0. 
Using the notations 

D v = Vh, D = JWq 

we have 

oo 

(5.45) \\f\\ Bll (v) - \\MDv)f\\Li +X>- s ||^(LV)/|Ux. 

3=0 

Using 

k>0 

we have 

oo 

II/Hb iV (v) < \\MDv)i>o(D)fhi+J2\\MDv)<Pk(D)f\\ L i+ 

oo 

+ Y,y s \Wj{Dv)MD)f\\v + E V s \Wi{D v ) Vk {D)f\\ L i = 
3=0 j,k>o 

= I + II + III + IV. 

We estimate separately the four terms. 
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Since by l|5.26[) ipo(Dv) is bounded on L 1 , we have for the first term 
(5.46) I = \\MDv)MD)f\\ L i < C\\f\\ L i 

and since 

ll/IU* < \\MD)f\\» +Y,W'Pi( D )f\\» 

j>0 

this is smaller than C||/||.b" ,• 

The same argument gives for the second term 

oo oo 

II = E \\MDv)MD)f\W < cY,\Wk{D)f\W < c\\f\\ Bll 

fc=0 fc=0 

As to the third term, we can write 

oo oo 

E V'\\ Vj {Dv)MD)f\\^ = E 2 JS ||^(^y)(-A y )- 1 (-A l ,)^o(^)/IU 1 

3=0 j=0 

and recalling i|5.38[) used in the proof of the corollary we have (for s < 2) 

in < cJ2^ 3{2 - s) \\(-&v)MD)f\\ L i = C\\{-& v )MD)f\W < 

j>0 

< C\\(-A)MD).fhi + C\\VMD)f\\Li- 

Now we have 

||t^(D)/|Ui = \\VR (0)(-A)MD)fhi <C\\V\\ K \\{-A)MD)f\W 

and since (— A)ipo(D) is bounded in L 1 by l|5.26[) . we conclude that 

(5-47) M<C 2 \\f\\ Ll <C 3 ||/||B fiI 

as for the first term. 

Finally, we split the fourth term in the two sums for j < k and j > k: 

IV = E V'\\<Pi(Dv)<Pk(.D)nLi=Y, + y E- 

j,k>0 j<k j>k 

For j < k we use the fact that cpj(Dv) are bounded on L 1 with uniform norm by 
(|5.26(1 and hence 

X;<CEH^WIU l E 2^ = 2CE2 fcs ||^(^)/||L 1 . 

j<k k>Q 0<j<k k>0 

For j > k, we write ipj = ipj(ifj—i + ipj + ifj+i) = fj^Pj and we have 

E2 j ii^pv)^(i3)/iu 1 =E 2i ii^(^)^(^)^)/iu^ 

j>k j>k 

now by the corollary we obtain 

j>k j>k 

and since Y^,j>k 2^^^^ < 1 we have 

(5.48) IV = E V''\\<Pj(Dv)<Pk(D)f\\ Ll <Cj22 k \\MD)fhi < CII/IU^)- 

j",fe>0 fc>0 

and this concludes the proof. □ 

We shall finally show that the preceding result implies the equivalence also for 
homogeneous Besov spaces. Indeed, the uniformity of estimates l|5.43|l makes it 
possible to apply a rescaling argument, using the following lemma: 
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Lemma 5.5. Let s G R, p,q,(z [l,oo]. The homogeneous Bp q (V) norm has the 
following reseating property with respect to scaling {S\f){x) — f{\x): 

(5-49) H^/IIb^(v)=A s ^||/||^ ( v a _ 2) 

provided A = 2 k for some fceZ. 

Remark 5.2. A similar property holds also for any positive A, with equality replaced 
by equivalence of norms, however l|5.49|l will be sufficient for our purposes. 

Proof. From the identity 

(-A + V(x))S x f(x) = X 2 S X (-A + \- 2 V(x/\))f{x) 

we obtain the rule 

AyS\ — \ 2 S\Ay x _ 2 

with the usual notations 

A V = A + V, V e = 9V(V9x). 

This implies 

g(~A v )S x = S x g(-\ 2 A Vx _ 2 ) 



and in particular for the functions 4>j(s) — 4>o(2 J s), writing as usual Dy = y/— Ay, 

<t> j {Dy)S x = <Po(2~ jD v)Sx = SxM^^Dy x _ 2 ). 
With the special choice A — 2 k this can be written 

<Pj(Dy)S 2 k = S 2 k(j) 3 -k(Dy 2 _ 2k ). 

Hence we have the identity, for A = 2 k , 

since L p rescales as A""/**; writing 2^ sl '2 knc '/P = 2 fc ( s -"/f>)92^+ fc ) s « and shifting the 
sum j + k — > j we conclude the proof. □ 

Thus we arrive at the final result of this section: 

Theorem 5.6. Assume the Kato class potential V = V+ — V- on R™, n > 3, 

V± > 0, satisfies 

(5.50) HV+Hjc < oo 
and 

(5.51) \\V.\\ K <\c n = ^/T{^-l) 
Then we have the equivalence of norms 

(5-52) ll/llBf.,00 = Wf\\B U 

for all q £ [l,oo], < s < 2. Moreover, for the reseated potentials 

V e {x) = ev(Vex) 

we have the uniform estimates 

(5-53) C-'WfW^ < \\fh Lqi y e) < C\\f\\ Kq 

with a constant C independent of 9 > 0. 
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Proof. We shall consider in detail the case q = 1 only, the remaining cases being 
completely analogous. 

We already know that Q5.53|l holds for dotless Besov spaces. Now we need to 
prove the following inequalities 

(5.54) C- l \\f\\ 6li(yt) < \\f\\ Bll(Ve ) <C\\fU lim +C\\f\\ <im 

with a constant C independent of 9 > 0. 



First of all we prove that (D = \/—A, Dy a = ^/— Ay 9 ) 

(5.55) J2 2"\\<Pi(Dv.)f\\Li < C\\MDv.)f\\v. 

j<-i 

We notice that tj)Q is equal to 1 on the support of <pj for j < — 1. Hence ipj — tpjtpo 
for j < — 1 and we can write 

y 3 (D Ve )f\\ L1 = y 3 (Dv s )MDv e )f\\ L i < C\\MDv„)f\\Li- 
(we have used the uniform estimates l|5.25|) - l|5.26[l L Thus (|5.55|) follows, provided 
s > so that J2j<-i ^ 8 1S convergent. 

The term for j = — 1 is estimated in a simple way (<£>-i = ip-i(if>o + fx)) 

(5.56) Wtp-tiDv^fWv < y^DvMDv^fW^ + \\<p-x(Dv t )<pi{Dv,)f\W < 

< CU {Dv e )f\\ L i + C\\ Vl (D Ve )f\\ L ,. 

Clearly, Ij5.55|l and (|5.56(l imply immediately the first inequality (|5.54(l . 
The second inequality in (|5.54(l is easier: it is sufficient to prove that 

HVopyJ/lUx <cY,\\Vi{Dv B )f\\v 

which follows from ipQ — ipo ■ Ylj<i Vji the triangle inequality, and the boundedness 
of ipo(Dv g ) on L 1 with uniform norm. This give (|5.54|) . Notice that all the constants 
appearing in the above inequalities arc uniform in 9 > 0. 

By <|5.54[1 and the equivalence l|5.43|l we can write for < s < 2 

\\.f\\ Kl < c\\f\\ Bll < c\\f\\ Bli{Ve) < c\\f\\ KiiVe) + c\\f\\ Ki{Ve) . 

If we apply this inequality to a rescaled function S 2 k f and recall Lemma 15.51 we 
obtain for all k e Z 

with constants independent of k,9; we can now choose 9 = 2 2k j, divide by 2 fe ( s ~") 
and let k — ► +oo to obtain 

ll/llB f , < Cll/ll^^) 

which is the first part of the thesis. The reverse inequality is proved in the same 
way. □ 

6. Conclusion of the proof 

By the spectral calculus for H = — A + V, given any bounded continuous function 
(f>(s) on R, we can represent the operator 4>(H) on L 2 as 

(6.1) <j)(H)f = • L 2 - lim / <f>(X)\R v (\ + is) - R V (X - ie)]fd\. 

2m e^o J 

If <f> = ip' is the derivative of a C 1 compactly supported function we can integrate 
by parts obtaining the equivalent form 

(6.2) <f>(H)f = ^- ■ L 2 - lim / ij(X)[R v (\ + ie) 2 -R V [X- ie) 2 ]fd\. 

2ir e^o I 
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(6.3) 



Now, fix a smooth function ip(s) with compact support in ]0, +00 [ and consider 
the Cauchy problem 

□u + V(x)u = 0, t > 0, x 6 R 3 
u(0,t)=0, «t(0,af) = ^>{H)g 

for some smooth g. Then the solution u can be represented as 

u(t, •) = L 2 — lim u e (t, •) 

where 

(6.4) u e (t,x) = ± r sm ^ ip(\)[R v (X + is) - R V (X - ie)]gdX 

27 ™ Jo V A 

or equivalently, after integration by parts, 
1 f 00 

(6.5) w e (i,x) = — / cos(t\/X)ip' (X)[Rv {X + ie) — Ry(X — ie)]gdX+ 



1 f 

+ — / cos(tVX)ip(X) [R v (A + ief-R v (A - ie) 2 ]gdX. 

TTlt Jr. 



Estimates l|4.83f) and (|4.35|) applied to (|6.5|l give 
and recalling that 

A < A £ < A + | 

we obtain 

(6.6) K(f, < WgWvjj™ ^'(X)\(VX + y/e) + dX. 

Let now ifj(s), j € Z be the homogeneous Paley-Littlewood partition of unity 
defined in the Introduction, with 

Pj(s) = 0o(2 -J s), 

define 

(6.7) ^(s) = ^j-i(s) + <pj(s) + <Pj+i(s) 
and choose in (|6.3(l 

■0(A) = <Pj{VX) = i^o(2~ J VA). 

We thus obtain 

ii r* in <\\\\ c H (o-i\-7f(i-iJ\\\ ^L±Ji i \M2- J ^)\ \ „ 
IK(V)IU°° < \\g\\Lij I 2 J |<p (2 VA )I 2% /^ + ^ I dX 

which after the change of variables fi = 2~- j \/A gives 

(6.8) \\u E (t,-)\\ L ^<j(V + V~s)\\g\\ L u 

for some constant C independent of j, t and g. If we let e — > 0, for fixed i the func- 
tions u e (t, •) converge in L 2 to the solution u(t,x); hence a subsequence converges 
a.e. and we obtain the estimate 

(6-9) KV)||l~ <Cj\\g\W 

for the solution u(t, x) of the Cauchy problem 

, , f Du + V(x)u = 0, t>0, i€l 3 

( ' \tt(0,t)=0, u t (0,x) = v j (VE)g 
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If we now choose 

g = ^(VH)f 

and notice that tpjg = <fijipjf = fjf since ipj = 1 on the support of tpj, we conclude 
that: the solution u(t,x) of the Cauchy problem 

( nu + V(x)u = Q, t>0, i£K 3 
( j I u(0,i) = 0, u t (0,x) = <p j (VE)f 

satisfies the estimate 

(6.12) ll«(*,-)IU-<Cjlkj(V^)/||ii 

Consider now the original Cauchy problem 11.411 ; decomposing the initial datum 

/ as 

/=5> 3 -(Vtf)/ 

applying estimate (|6.12|) and summing over j, we obtain by linearity that the solu- 
tion u(t, x) to (|1.4|l satisfies the estimate 

(6-13) IKV)I|l~ < jUhi^vy 

Since by Theorem 15 . 61 this norm is equivalent to the standard one, we see that the 
proof of Theorem II. II is concluded. 
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